	
	
	
	
	

	
	
	
	
	


	
	
	
	
	

	
	
	
	
	



Seq D2HDocument \h \r13Chapter 11: Probability Distribution Functions and Inverses

Routines

Discrete Random Variables: Distribution Functions and Probability Functions

Distribution Functions

Binomial distribution function
binomial_cdf
720
Binomial probability function
binomial_pdf
721
Hypergeometric distribution function
hypergeometric_cdf
723
Hypergeometric probability function
hypergeometric_pdf
724
Poisson distribution function
poisson_cdf
726
Poisson probability function
poisson_pdf
727
Continuous Random Variables

Distribution Functions and their Inverses

Beta distribution function
beta_cdf
729
Inverse beta distribution function
beta_inverse_cdf
731
Bivariate normal distribution function
bivariate_normal_cdf
732
Chi-squared distribution function
chi_squared_cdf
734
Chi-squared distribution function

Inverse chi-squared 
distribution function
chi_squared_inverse_cdf
735
Calculates the complement of the chi-squared 
distribution
complementary_chi_squared_cdf
738
Noncentral chi-squared 
distribution function
non_central_chi_sq
740
Inverse of the noncentral chi-squared
distribution function
non_central_chi_sq_inv
743
Noncentral chi-squared probability 
density function (PDF)
non_central_chi_sq_pdf
744
F distribution function
F_cdf
747
Inverse F distribution function
F_inverse_cdf
749
Calculates the complement of the F distribution 
function
complementary_F_cdf
750
Noncentral F probability density 
function (PDF)
non_central_F_pdf
753
Noncentral F cumulative distribution 
function (CDF)
non_central_F_cdf
755
Inverse of the noncentral F distribution 
function
non_central_F_inverse_cdf
757
Gamma distribution function
gamma_cdf
760
Inverse gamma distribution function
gamma_inverse_cdf
762
Normal (Gaussian) distribution function
normal_cdf
763
Multivariate normal distribution function 
multivariate_normal_cdf
765
Inverse normal distribution function
normal_inverse_cdf
771
Student’s t distribution function
t_cdf
773
Inverse Student’s t distribution function
t_inverse_cdf
774
Calculates the complement of the Student’s t 
distribution
complementary_t_cdf
776
Noncentral Students’s t distribution function 
non_central_t_cdf
778
Inverse of the noncentral Student’s t 
distribution function
non_central_t_inv_cdf
780
Chi-squared Student’s t distribution 
function
non_central_t_pdf
 782
Usage Notes

Definitions and discussions of the terms basic to this chaptersection can be found in Johnson and Kotz (1969, 1970a, 1970b). These are also good references for the specific distributions.

In order to keep the calling sequences simple, whenever possible, the subprograms described in this chaptersection are written for standard forms of statistical distributions. Hence, the number of parameters for any given distribution may be fewer than the number often associated with the distribution. For example, while a gamma distribution is often characterized by two parameters (or even a third, “location”), there is only one parameter that is necessary, the “shape”. 
The “scale” parameter can be used to scale the variable to the standard gamma distribution. Also, the functions relating to the normal distribution, imsls_f_normal_cdf and imsls_f_normal_inverse_cdf , are for a normal distribution with mean equal to zero and variance equal to one. For other means and variances, it is very easy for the user to standardize the variables by subtracting the mean and dividing by the square root of the variance.

The distribution function for the (real, single-valued) random variable X is the function F defined for all real x by 

F(x) = Prob(X ( x)

where Prob(() denotes the probability of an event. The distribution function is often called the cumulative distribution function (CDF).

For distributions with finite ranges, such as the beta distribution, the CDF is 0 for values less than the left endpoint and 1 for values greater than the right endpoint. The subprograms described in this chaptersection return the correct values for the distribution functions when values outside of the range of the random variable are input, but warning error conditions are set in these cases.

Discrete Random Variables

For discrete distributions, the function giving the probability that the random variable takes on specific values is called the probability function, defined by

p(x) = Prob(X = x)

The “PR” routines described in this chaptersection evaluate probability functions. 

The CDF for a discrete random variable is
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where A is the set such that k ( x. The “DF” routines in this chaptersection evaluate cumulative distribution functions. Since the distribution function is a step function, its inverse does not exist uniquely.

Continuous Distributions

For continuous distributions, a probability function, as defined above, would not be useful because the probability of any given point is 0. For such distributions, the useful analog is the probability density function (PDF). The integral of the PDF is the probability over the interval, if the continuous random variable X has PDF f, then
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The relationship between the CDF and the PDF is
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The “_cdf” functions described in this chaptersection evaluate cumulative distribution functions.

For (absolutely) continuous distributions, the value of F(x) uniquely determines 
x within the support of the distribution. The “_inverse_cdf” functions described in this chapter compute the inverses of the distribution functions, that is, given F(x) (called “P” for “probability”), a routine such as imsls_f_beta_inverse_cdf computes x. The inverses are defined only over the open interval (0,1).

Additional Comments

Whenever a probability close to 1.0 results from a call to a distribution function or is to be input to an inverse function, it is often impossible to achieve good accuracy because of the nature of the representation of numeric values. In this case, it may be better to work with the complementary distribution function (one minus the distribution function). If the distribution is symmetric about some point (as the normal distribution, for example) or is reflective about some point (as the beta distribution, for example), the complementary distribution function has a simple relationship with the distribution function. For example, to evaluate the standard normal distribution at 4.0, using imsls_f_normal_inverse_cdf directly, the result to six places is 0.999968. Only two of those digits are really useful, however. A more useful result may be 1.000000 minus this value, which can be obtained to six significant figures as 3.16713E-05 by evaluating imsls_f_normal_inverse_cdf at (4.0. For the normal distribution, the two values are related by ((x) = 1 ( (((x), where ((() is the normal distribution function. Another example is the beta distribution with parameters 2 and 10. This distribution is skewed to the right, so evaluating imsls_f_beta_cdf at 0.7, 0.999953 is obtained. A more precise result is obtained by evaluating imsls_f_beta_cdf with parameters 10 and 2 at 0.3. This yields 4.72392E-5. (In both of these examples, it is wise not to trust the last digit.)

Many of the algorithms used by routines in this chaptersection are discussed by Abramowitz and Stegun (1964). The algorithms make use of various expansions and recursive relationships and often use different methods in different regions. 

Cumulative distribution functions are defined for all real arguments, however, if the input to one of the distribution functions in this chaptersection is outside the range of the random variable, an error of Type 1 is issued, and the output is set to zero or one, as appropriate. A Type 1 error is of lowest severity, a “note”, and, by default, no printing or stopping of the program occurs. The other common errors that occur in the routines of this chaptersection are Type 2, “alert”, for a function value being set to zero due to underflow, Type 3, “warning”, for considerable loss of accuracy in the result returned, and Type 5, “terminal”, for incorrect and/or inconsistent input, complete loss of accuracy in the result returned, or inability to represent the result (because of overflow). When a Type 5 error occurs, the result is set to NaN (not a number, also used as a missing value code).

binomial_cdf

Evaluates the binomial distributionxe "binomial distribution" function.

Synopsis

#include <imsls.h>

float imsls_f_binomial_cdf (int k, int n, float p)
The type double function is imsls_d_binomial_cdf.

Required Arguments

int k   (Input)
Argument for which the binomial distribution function is to be evaluated.
int n   (Input)
Number of Bernoulli trials.
float p   (Input)
Probability of success on each trial.
Return Value

The probability that k or fewer successes occur in n independent Bernoulli trials, each of which has a probability p of success.

Description

The imsls_f_binomial_cdf function evaluates the distribution function of a binomial random variable with parameters n and p. It does this by summing probabilities of the random variable taking on the specific values in its range. These probabilities are computed by the recursive relationship:
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To avoid the possibility of underflow, the probabilities are computed forward from 0 if k is not greater than n ( p; otherwise, they are computed backward from n. The smallest positive machine number, ɛ, is used as the starting value for summing the probabilities, which are rescaled by (1 − p)nɛ if forward computation is performed and by pnɛ if backward computation is used.

For the special case of p = 0, imsls_f_binomial_cdf is set to 1; for the case p = 1, imsls_f_binomial_cdf is set to 1 if k = n and is set to 0 otherwise.
Example

Suppose X is a binomial random variable with n = 5 and p = 0.95. In this example, the function finds the probability that X is less than or equal to 3.

#include <imsls.h>
int main()
{
    int         k = 3;
    int         n = 5;
    float       p = 0.95;
    float       pr;
    pr = imsls_f_binomial_cdf(k,n,p);
    printf("Pr(x <= 3) = %6.4f\n", pr);
}

Output

Pr(x <= 3) = 0.0226

Informational Errors

IMSLS_LESS_THAN_ZERO
Since “k” = # is less than zero, the distribution function is set to zero.

IMSLS_GREATER_THAN_N
The input argument, k, is greater than the number of Bernoulli trials, n.
binomial_pdf

Evaluates the binomial probabilityxe "binomial probability" function.
Synopsis

#include <imsls.h>

float imsls_f_binomial_pdf (int k, int n, float p)
The type double function is imsls_d_binomial_pdf.

Required Arguments

int k   (Input)
Argument for which the binomial probability function is to be evaluated.
int n   (Input)
Number of Bernoulli trials.
float p   (Input)
Probability of success on each trial.
Return Value

The probability that a binomial random variable takes on a value equal to k.

Description

The function imsls_f_binomial_pdf evaluates the probability that a binomial random variable with parameters n and p takes on the value k. It does this by computing probabilities of the random variable taking on the values in its range less than (or the values greater than) k. These probabilities are computed by the recursive relationship
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To avoid the possibility of underflow, the probabilities are computed forward from 0, if k is not greater than n times p, and are computed backward from n, otherwise. The smallest positive machine number, (, is used as the starting value for computing the probabilities, which are rescaled by (1 ( p)n( if forward computation is performed and by pn( if backward computation is done.
For the special case of p = 0, imsls_f_binomial_pdf is set to 0 if k is greater than 0 and to 1 otherwise; and for the case p = 1, imsls_f_binomial_pdf is set to 0 if k is less than n and to 1 otherwise.
Example 1

Suppose X is a binomial random variable with n = 5 and p = 0.95. In this example, we find the probability that X is equal to 3. 

#include <stdio.h>

#include <imsls.h>

int main()
{

  int k, n;

  float p, prob;

  k = 3;

  n = 5;

  p = 0.95;

  prob = imsls_f_binomial_pdf(k, n, p);

  printf("The probability that X is equal to 3 is %f\n", prob);

 }

Output

The probability that X is equal to 3 is 0.021434

hypergeometric_cdf

xe "hypergeometric distribution function"

xe "distribution functions:hypergeometric"Evaluates the hypergeometric distribution function.

Synopsis

#include <imsls.h>

float imsls_f_hypergeometric_cdf (int k, int n, int m, int l)
The type double function is imsls_d_hypergeometric_cdf.

Required Arguments

int k   (Input)
Argument for which the hypergeometric distribution function is to be evaluated.
int n   (Input)
Sample size. Argument n must be greater than or equal to k.
int m   (Input)
Number of defectives in the lot.
int l   (Input)
Lot size. Argument l must be greater than or equal to n and m.
Return Value

The probability that k or fewer defectives occur in a sample of size n drawn from a lot of size l that contains m defectives.

Description

Function imsls_f_hypergeometric_cdf evaluates the distribution function of a hypergeometric random variable with parameters n, l, and m. The hypergeometric random variable x can be thought of as the number of items of a given type in a random sample of size n that is drawn without replacement from a population of size l containing m items of this type. The probability function is
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where i = max (0, n − l + m).

If k is greater than or equal to i and less than or equal to min (n, m), imsls_f_hypergeometric_cdf sums the terms in this expression for j going from i up to k; otherwise, 0 or 1 is returned, as appropriate. To avoid rounding in the accumulation, imsls_f_hypergeometric_cdf performs the summation differently, depending on whether or not k is greater than the mode of the distribution, which is the greatest integer less than or equal to (m + 1) (n + 1)/(l + 2).

Example

Suppose X is a hypergeometric random variable with n = 100, l = 1000, and m = 70. In this example, evaluate the distribution function at 7.

#include <imsls.h>
int main()
{
    int         k = 7;
    int         l = 1000;
    int         m = 70;
    int         n = 100;
    float       p;
    p = imsls_f_hypergeometric_cdf(k,n,m,l);
    printf("\nPr (x <= 7) = %6.4f", p);
}

Output

Pr (x <= 7) = 0.599
Informational Errors

IMSLS_LESS_THAN_ZERO
Since “k” = # is less than zero, the distribution function is set to zero.

IMSLS_K_GREATER_THAN_N
The input argument, k, is greater than the sample size.

Fatal Errors

IMSLS_LOT_SIZE_TOO_SMALL
Lot size must be greater than or equal to 
n and m.

hypergeometric_pdfxe "hypergeometric_pdf"
Evaluates the hypergeometric probability function.

Synopsis

#include <imsls.h>

float imsls_f_hypergeometric_pdf (int k, int n, int m, int l)
The type double function is imsls_d_hypergeometric_pdf.
Required Arguments

int k  (Input)
Argument for which the hypergeometric probability function is to be evaluated.

int n  (Input)
Sample size.  n must be greater than zero and greater than or equal to k.
int m  (Input)
Number of defectives in the lot. 

int l   (Input)
Lot size.  l must be greater than or equal to n and m.

Return Value


The probability that a hypergeometric random variable takes a value equal to k. This value is the probability that exactly k defectives occur in a sample of size n drawn from a lot of size l that contains m defectives.

Description

The function imsls_f_hypergeometic_pdf evaluates the probability function of a hypergeometric random variable with parameters n, l, and m. The hypergeometric random variable X can be thought of as the number of items of a given type in a random sample of size n that is drawn without replacement from a population of size l containing m items of this type. The probability function is 
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where i = max(0, n ( l + m). imsls_f_hypergeometic_pdf evaluates the expression using log gamma functions. 

Example 

Suppose X is a hypergeometric random variable with n = 100, l = 1000, and m = 70. In this example, we evaluate the probability function at 7.
#include <imsls.h>
int main()
{

  int k=7, n=100, l=1000, m=70;

  float pr;

  pr = imsls_f_hypergeometic_pdf(k, n, m, l);

  printf("  The probability that X is equal to 7 is %6.4f\n", pr);

}

Output

  The probability that X is equal to 7 is 0.1628

poisson_cdf

xe "Poisson distribution function"

xe "distribution functions:Poisson"Evaluates the Poisson distribution function.

Synopsis

#include <imsls.h> 

float imsls_f_poisson_cdf (int k, float theta)
The type double function is imsls_d_poisson_cdf.

Required Arguments

int k   (Input)
Argument for which the Poisson distribution function is to be evaluated.
float theta   (Input)
Mean of the Poisson distribution. Argument theta must be positive.
Return Value

The probability that a Poisson random variable takes a value less than or equal 
to k.

Description

Function imsls_f_poisson_cdf evaluates the distribution function of a Poisson random variable with parameter theta. The mean of the Poisson random variable, theta, must be positive. The probability function (with θ = theta) is as follows:
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The individual terms are calculated from the tails of the distribution to the mode of the distribution and summed. Function imsls_f_poisson_cdf uses the recursive relationship 
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with f (0) = e−q.
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Figure 11- 1   Plot of Fp (k, θ)

Example

Suppose X is a Poisson random variable with θ = 10. In this example, we evaluate the probability that X is less than or equal to 7.

#include <imsls.h>
int main()
{
    int         k = 7;
    float       theta = 10.0;
    float       p;
    p = imsls_f_poisson_cdf(k, theta);
    printf("Pr(x <= 7) = %6.4f\n", p);
}

Output

Pr(x <= 7) = 0.2202

Informational Errors

IMSLS_LESS_THAN_ZERO
Since “k” = # is less than zero, the distribution function is set to zero.

poisson_pdfxe "poisson_pdf"
Evaluates the Poisson probability function.

Synopsis

#include <imsls.h>

float imsls_f_poisson_pdf (int k, float theta)

The type double function is imsls_d_poisson_pdf.

Required Arguments

int k  (Input)
Argument for which the Poisson distribution function is to be evaluated.

float theta  (Input) 
Mean of the Poisson distribution.  theta must be positive.

Return Value

Function value, the probability that a Poisson random variable takes a value equal to k.

Description

Function imsls_f_poisson_pdf evaluates the probability function of a Poisson random variable with parameter theta. theta, which is the mean of the Poisson random variable, must be positive. The probability function (with ( = theta) is

f(x) = e−θ (k/k!,
for k = 0, 1, 2,(
imsls_f_poisson_pdf evaluates this function directly, taking logarithms and using the log gamma function.
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Figure 11- 2  Poisson Probability Function

Example

Suppose X is a Poisson random variable with ( = 10. In this example, we evaluate the probability function at 7.

#include <imsls.h>
int main () {

  int k = 7;

  float theta = 10.0;

  printf ("The probability that X is equal to 7 is %g.\n",


  imsls_f_poisson_pdf (k, theta));

}

Output

The probability that X is equal to 7 is 0.0900792.

beta_cdf

xe "distribution functions:beta"

xe "beta distribution function"Evaluates the beta probability distribution function.

Synopsis

#include <imsls.h>

float imsls_f_beta_cdf (float x, float pin, float qin)
The type double function is imsls_d_beta_cdf.

Required Arguments

float x   (Input)
Argument for which the beta probability distribution function is to be evaluated.
float pin   (Input)
First beta distribution parameter. Argument pin must be positive.
float qin   (Input)
Second beta distribution parameter. Argument qin must be positive.
Return Value

The probability that a beta random variable takes on a value less than or equal 
to x.

Description

Function imsls_f_beta_cdf evaluates the distribution function of a beta random variable with parameters pin and qin. This function is sometimes called the incomplete beta ratio and, with p = pin and q = qin, is denoted by Ix (p, q). It is given by
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where Γ (() is the gamma function. The value of the distribution function by Ix (p, q) is the probability that the random variable takes a value less than or equal to x.

The integral in the expression above is called the incomplete beta function and is denoted by βx(p, q). The constant in the expression is the reciprocal of the beta function (the incomplete function evaluated at 1) and is denoted by β(p, q).
Function imsls_f_beta_cdf uses the method of Bosten and Battiste (1974).

Example

Suppose X is a beta random variable with parameters 12 and 12 (X has a symmetric distribution). This example finds the probability that X is less than 0.6 and the probability that X is between 0.5 and 0.6. (Since X is a symmetric beta random variable, the probability that it is less than 0.5 is 0.5.)

#include <imsls.h>
int main()
{
        float           p, pin, qin, x;
        pin = 12.0;
        qin = 12.0;
        x = 0.6;
        p = imsls_f_beta_cdf(x, pin, qin);
        printf("The probability that X is less than 0.6 is %6.4f\n",
                p);
        x = 0.5;
        p -= imsls_f_beta_cdf(x, pin, qin);
        printf("The probability that X is between 0.5 and");
        printf(" 0.6 is %6.4f\n", p);
}

Output

The probability that X is less than 0.6 is 0.8364
The probability that X is between 0.5 and 0.6 is 0.3364
beta_inverse_cdf

xe "beta distribution function:inverse"

xe "distribution functions:beta:inverse"Evaluates the inverse of the beta distribution function.

Synopsis

#include <imsls.h>

float imsls_f_beta_inverse_cdf (float p, float pin, float qin)
The type double function is imsls_d_beta_inverse_cdf.

Required Arguments

float p   (Input)
Probability for which the inverse of the beta distribution function is to be evaluated. Argument p must be in the open interval (0.0, 1.0).
float pin   (Input)
First beta distribution parameter. Argument pin must be positive.
float qin   (Input)
Second beta distribution parameter. Argument qin must be positive.
Return Value

Function imsls_f_beta_inverse_cdf returns the inverse distribution function of a beta random variable with parameters pin and qin. 

Description

With P = p, p = pin, and q = qin, the beta_inverse_cdf returns x such that
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where Γ (() is the gamma function. The probability that the random variable takes a value less than or equal to x is P.

Example

Suppose X is a beta random variable with parameters 12 and 12 (X has a symmetric distribution). In this example, we find the value x such that the probability that X is less than or equal to x is 0.9.

#include <imsls.h>
int main()
{
        float           p, pin, qin, x;
        pin = 12.0;
        qin = 12.0;
        p = 0.9;
        x = imsls_f_beta_inverse_cdf(p, pin, qin);
        printf(" X is less than %6.4f with probability 0.9.\n",
                x);
}

Output

X is less than 0.6299 with probability 0.9.
bivariate_normal_cdf

xe "bivariate normal distribution function"

xe "distribution functions:bivariate normal"Evaluates the bivariate normal distribution function.

Synopsis

#include <imsls.h>

float imsls_f_bivariate_normal_cdf (float x, float y, float rho)
The type double function is imsls_d_bivariate_normal_cdf.

Required Arguments

float x   (Input)
The x-coordinate of the point for which the bivariate normal distribution function is to be evaluated.
float y   (Input)
The y-coordinate of the point for which the bivariate normal distribution function is to be evaluated.
float rho   (Input)
Correlation coefficient.
Return Value

The probability that a bivariate normal random variable with correlation rho takes a value less than or equal to x and less than or equal to y.

Description
Function imsls_f_bivariate_normal_cdf evaluates the distribution function F of a bivariate normal distribution with means of zero, variances of one, and correlation of rho; that is, with ( = rho, and |(| < 1,
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To determine the probability that U ( u0 and V ( v0, where (U, V)T is a bivariate normal random variable with mean ( = ((U, (V)T and variance-covariance matrix
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transform (U, V)T to a vector with zero means and unit variances. The input 
to imsls_f_bivariate_normal_cdf would be X = (u0 ( (U)/(U, Y = (v0 ( (V)/(V, and ( = (UV/((U(V).

Function imsls_f_bivariate_normal_cdf uses the method of Owen (1962, 1965). Computation of Owen’s T-function is based on code by M. Patefield and D. Tandy (2000). For |(| = 1, the distribution function is computed based on the univariate statistic, Z = min(x, y), and on the normal distribution function imsls_f_normal_cdf.

Example

Suppose (X, Y) is a bivariate normal random variable with mean (0, 0) and variance-covariance matrix as follows:
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In this example, we find the probability that X is less than −2.0 and Y is less than 0.0.

#include <imsls.h>
int main()
{
        float           p, rho, x, y;
        x = -2.0;
        y = 0.0;
        rho = 0.9;
        p = imsls_f_bivariate_normal_cdf(x, y, rho);
        printf(" The probability that X is less than -2.0\n"
               " and Y is less than 0.0 is %6.4f\n", p);
}

Output

The probability that X is less than -2.0
and Y is less than 0.0 is 0.0228
chi_squared_cdf

xe "chi-squared distribution function"Evaluates the chi-squared distribution function.xe "distribution functions:chi-squared"
Synopsis

#include <imsls.h>

float imsls_f_chi_squared_cdf (float chi_squared, float df)
The type double function is imsls_d_chi_squared_cdf.

Required Arguments

float chi_squared   (Input)
Argument for which the chi-squared distribution function is to be evaluated.
float df   (Input)
Number of degrees of freedom of the chi-squared distribution. Argument df must be greater than or equal to 0.5.
Return Value

The probability that a chi-squared random variable takes a value less than or equal to chi_squared.

Description

Function imsls_f_chi_squared_cdf evaluates the distribution function, F, of a chi-squared random variable x = chi_squared with ν = df. Then,
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where Γ (() is the gamma function. The value of the distribution function at the point x is the probability that the random variable takes a value less than or equal to x.

For ν > 65, imsls_f_chi_squared_cdf uses the Wilson-Hilferty approximation (Abramowitz and Stegun 1964, Equation 26.4.17) to the normal distribution, and function imsls_f_normal_cdf is used to evaluate the normal distribution function.
For ν ( 65, imsls_f_chi_squared_cdf uses series expansions to evaluate the distribution function. If x < max (ν / 2, 26), imsls_f_chi_squared_cdf uses the series 6.5.29 in Abramowitz and Stegun (1964); otherwise, it uses the asymptotic expansion 6.5.32 in Abramowitz and Stegun.

Example

Suppose X is a chi-squared random variable with two degrees of freedom. In this example, we find the probability that X is less than 0.15 and the probability that 
X is greater than 3.0.

#include <imsls.h>
int main()
{
    float       chi_squared = 0.15; 
    float       df = 2.0;
    float       p;
    p    = imsls_f_chi_squared_cdf(chi_squared, df);
    printf("%s %s %6.4f\n", "The probability that chi-squared\n",
        "with 2 df is less than 0.15 is", p);
    chi_squared = 3.0;
    p    = 1.0 - imsls_f_chi_squared_cdf(chi_squared, df);
    printf("%s %s %6.4f\n", "The probability that chi-squared\n",
        "with 2 df is greater than 3.0 is", p);
}
Output

The probability that chi-squared
 with 2 df is less than 0.15 is 0.0723
The probability that chi-squared
 with 2 df is greater than 3.0 is 0.2231
Informational Errors

IMSLS_ARG_LESS_THAN_ZERO
Since “chi_squared” = # is less than zero, the distribution function is zero at “chi_squared.”

Alert Errors

IMSLS_NORMAL_UNDERFLOW
Using the normal distribution for large degrees of freedom, underflow would have occurred.

chi_squared_inverse_cdf

xe "chi-squared distribution function"

xe "distribution functions:chi-squared: inverse"Evaluates the inverse of the chi-squared distribution function.

Synopsis

#include <imsls.h>

float imsls_f_chi_squared_inverse_cdf (float p, float df)
The type double function is imsls_d_chi_squared_inverse_cdf.

Required Arguments

float p   (Input)
Probability for which the inverse of the chi-squared distribution function is to be evaluated. Argument p must be in the open interval (0.0, 1.0).
float df   (Input)
Number of degrees of freedom of the chi-squared distribution. Argument df must be greater than or equal to 0.5.
Return Value

The inverse at the chi-squared distribution function evaluated at p. The probability that a chi-squared random variable takes a value less than or equal to imsls_f_chi_squared_inverse_cdf is p.

Description

Function imsls_f_chi_squared_inverse_cdf evaluates the inverse distribution function of a chi-squared random variable with ν = df and with probability p. That is, it determines x = imsls_f_chi_squared_inverse_cdf (p, df), such that 
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where Γ (() is the gamma function. The probability that the random variable takes a value less than or equal to x is p.

For ν < 40, imsls_f_chi_squared_inverse_cdf uses bisection (if ν ≤ 2 or p > 0.98) or regula falsi to find the point at which the chi-squared distribution function is equal to p. The distribution function is evaluated using IMSL function imsls_f_chi_squared_cdf.
For 40 ≤ ν < 100, a modified Wilson-Hilferty approximation (Abramowitz and Stegun 1964, Equation 26.4.18) to the normal distribution is used. IMSL function imsls_f_normal_cdf is used to evaluate the inverse of the normal distribution function. For ν ( 100, the ordinary Wilson-Hilferty approximation (Abramowitz and Stegun 1964, Equation 26.4.17) is used.
Example

In this example, we find the 99-th percentage point of a chi-squared random variable with 2 degrees of freedom and of one with 64 degrees of freedom.

#include <imsls.h>
int main ()
{    
    float       df, x;
    float       p = 0.99;
    df = 2.0;
    x  = imsls_f_chi_squared_inverse_cdf(p, df);
    printf("For p = .99 with  2 df, x = %7.3f.\n", x);
    df = 64.0;
    x  = imsls_f_chi_squared_inverse_cdf(p,df);
    printf("For p = .99 with 64 df, x = %7.3f.\n", x);
}
Output

For p = .99 with  2 df, x =   9.210.
For p = .99 with 64 df, x =  93.217.
Warning Errors

IMSLS_UNABLE_TO_BRACKET_VALUE
The bounds that enclose “p” could not be found. An approximation for imsls_f_chi_squared_inverse_cdf is returned.

IMSLS_CHI_2_INV_CDF_CONVERGENCE
The value of the inverse chi-squared could not be found within a specified number of iterations. An approximation for imsls_f_chi_squared_inverse_cdf is returned.
complementary_chi_squared_cdf

xe "chi-squared distribution function"Evaluates the complement of the chi-squared distribution.xe "distribution functions:chi-squared"
Synopsis

#include <imsls.h>

float imsls_f_complementary_chi_squared_cdf (float chi_squared, float df)
The type double function is imsls_d_complementary_chi_squared_cdf.

Required Arguments

float chi_squared   (Input)
Argument for which  Pr(x  > chi_squared)  is to be evaluated.
float df   (Input)
Number of degrees of freedom of the chi-squared distribution. Argument df must be greater than 0.5.
Return Value

The probability that a chi-squared random variable takes a value greater than chi_squared.

Description

Function imsls_f_complementary_chi_squared_cdf evaluates the distribution function,  
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where Γ (() is the gamma function. The value of the distribution function at the point x is the probability that the random variable takes a value greater than x.

For ν > 343, imsls_f_complementary_chi_squared_cdf uses the Wilson-Hilferty approximation (Abramowitz and Stegun 1964, Equation 26.4.17) to the normal distribution, and function imsls_f_normal_cdf is used to evaluate the normal distribution function.
For ν ( 343, imsls_f_complementary_chi_squared_cdf uses series expansions to evaluate the distribution function. If x < max (ν / 2, 26), imsls_f_complementary_chi_squared_cdf uses the series 6.5.29 in Abramowitz and Stegun (1964); otherwise, it uses the asymptotic expansion 6.5.32 in Abramowitz and Stegun.

This function provides higher right tail accuracy for the chi-squared distribution.
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Figure 11-3  Plot of Fx (x, df)
Example

In this example, we find the probability that X, a chi-squared random variable, is less than 0.15 and the probability that X is greater than 3.0.

#include <imsls.h>

#include <stdio.h>

#define DOUBLE

void main()

{


float chi_squared = 0.15;


float df = 2.0;


float p;


p = imsls_f_chi_squared_cdf(chi_squared, df);


printf(" The probability that chi-squared\n");


printf(" with df = %1.0f is less than %4.2f is %6.4f\n",



df, chi_squared, p);


chi_squared = 3.0;


p = imsls_f_complementary_chi_squared_cdf(chi_squared, df);


printf(" The probability that chi-squared\n");


printf(" with df = %1.0f is greater than %4.2f is %6.4f\n",



df, chi_squared, p);

}

Output

The probability that chi-squared

 with df = 2 is less than 0.15 is 0.0723

The probability that chi-squared

 with df = 2 is greater than 3.00 is 0.2231
Informational Errors

IMSLS_COMP_CHISQ_ZERO
Since “chi_squared” = # is less than zero, the distribution function is one at “chi_squared”..

non_central_chi_sq

Evaluates the noncentral chi-squared distribution functionxe "noncentral chi-squared distribution function".xe "distribution functions:chi-squared, noncentral"
Synopsis

#include <imsls.h>

float imsls_f_non_central_chi_sq (float chi_squared, float df , float delta)
The type double function is imsls_d_non_central_chi_sq.
Required Arguments

float chi_squared   (Input)
Argument for which the noncentral chi-squared distribution function is to be evaluated.

float df   (Input)
Number of degrees of freedom of the noncentral chi-squared distribution. Argument df must be greater than or equal to 0.5

float delta (Input)
The noncentrality parameter.  delta must be nonnegative, and delta + df must be less than or equal to 200,000.

Return Value

The probability that a noncentral chi-squared random variable takes a value less than or equal to chi_squared.

Description

Function imsls_f_non_central_chi_sq evaluates the distribution function of a noncentral chi-squared random variable with df degrees of freedom and noncentrality parameter alam, that is, with v = df, ( = alam, and x = chi_squared,
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where ((() is the gamma function. This is a series of central chi-squared distribution functions with Poisson weights. The value of the distribution function at the point x is the probability that the random variable takes a value less than or equal to x. 

The noncentral chi-squared random variable can be defined by the distribution function above, or alternatively and equivalently, as the sum of squares of independent normal random variables. If Yi have independent normal distributions with means (i and variances equal to one and
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then X has a noncentral chi-squared distribution with n degrees of freedom and noncentrality parameter equal to
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With a noncentrality parameter of zero, the noncentral chi-squared distribution is the same as the chi-squared distribution. 

Function imsls_f_non_central_chi_sq determines the point at which the Poisson weight is greatest, and then sums forward and backward from that point, terminating when the additional terms are sufficiently small or when a maximum of 1000 terms have been accumulated. The recurrence relation 26.4.8 of Abramowitz and Stegun (1964) is used to speed the evaluation of the central chi-squared distribution functions.
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Figure 11-4  Noncentral Chi-squared Distribution Function

Example

In this example, imsls_f_non_central_chi_sq is used to compute the probability that a random variable that follows the noncentral chi-squared distribution with noncentrality parameter of 1 and with 2 degrees of freedom is less than or equal to 8.642.

#include <imsls.h>

#include <stdio.h>

int main()
{

        float chsq = 8.642;

        float df = 2.0;

        float alam = 1.0;

        float p;

        p = imsls_f_non_central_chi_sq(chsq, df, alam);

        printf("The probability that a noncentral chi-squared random\n"


 "variable with %2.0f df and noncentrality parameter %3.1f is less\n"


 "than %5.3f is %5.3f.\n", df, alam, chsq, p);

} 

Output

The probability that a noncentral chi-squared random

variable with 2 df and noncentrality parameter 1.0 is less

than 8.642 is 0.950

non_central_chi_sq_inv

xe "noncentral chi-squared distribution function:inverse"Evaluates the inverse of the noncentral chi-squared function.xe "distribution functions:chi-squared, noncentral: inverse"

xe "distribution functions:chi-squared, noncentral"
Synopsis

#include <imsls.h>
float imsls_f_non_central_chi_sq_inv (float p, float df, float delta)
The type double function is imsls_d_non_central_chi_sq_inv.
Required Arguments

float p   (Input)
Probability for which the inverse of the noncentral chi-squared distribution function is to be evaluated. p must be in the open interval (0.0, 1.0).
float df   (Input)
Number of degrees of freedom of the noncentral chi-squared distribution. Argument df must be greater than or equal to 0.5

float delta (Input)
The noncentrality parameter.  delta must be nonnegative, and delta + df  must be less than or equal to 200,000.
Return Value

The probability that a noncentral chi-squared random variable takes a value less than or equal to imsls_f_non_central_chi_sq_inv is p. 

Description

Function imsls_f_non_central_chi_sq_inv evaluates the inverse distribution function of a noncentral chi-squared random variable with df degrees of freedom and noncentrality parameter delta; that is, with P = p, v = df, and ( = delta, it determines c0 (= imsls_f_non_central_chi_sq_inv (p, df, delta)), such that
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where ((() is the gamma function. The probability that the random variable takes a value less than or equal to c0 is P.

Function imsls_f_non_central_chi_sq_inv uses bisection and modified regula falsi to invert the distribution function, which is evaluated using 
routine imsls_f_non_central_chi_sq. See imsls_f_non_central_chi_sq for an alternative definition of the noncentral chi-squared random variable in terms of normal random variables.

Example

In this example, we find the 95-th percentage point for a noncentral chi-squared random variable with 2 degrees of freedom and noncentrality parameter 1.

#include <imsls.h>

#include <stdio.h>

int main()
{

        float p = .95;

        int df = 2;

        float delta = 1.0;

        float chi_squared;

        chi_squared = imsls_f_non_central_chi_sq_inv(p, df, delta);

 printf("The 0.05 noncentral chi-squared critical value is %6.4f.\n",

        chi_squared);

}

Output

The 0.05 noncentral chi-squared critical value is  8.6422.
non_central_chi_sq_pdf
Evaluates the noncentral chi-squared probability density function.

Synopsis
#include <imsls.h>
float imsls_f_non_central_chi_sq_pdf (float  x, float  df,  float lambda)
The type double function is imsls_d_non_central_chi_sq_pdf.
Required Arguments

float  x (Input)
Argument for which the noncentral chi-squared probability density function is to be evaluated.  x must be greater than or equal to 0.
float  df  (Input)
Number of degrees of freedom of the noncentral chi-squared distribution.  
df must be greater than 0.
float  lambda  (Input)
Noncentrality parameter.  lambda must be greater than or equal to 0.
Return Value
The probability density associated with a noncentral chi-squared random variable with value x. 
Description

The noncentral chi-squared distribution is a generalization of the chi-squared distribution. If {Xi} are k independent, normally distributed random variables with means (i and variances (2i, then the random variable: 
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is distributed according to the noncentral chi-squared distribution. The noncentral chi-squared distribution has two parameters: k which specifies the number of degrees of freedom (i.e. the number of Xi), and ( which is related to the mean of the random variables Xi by: 
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The noncentral chi-squared distribution is equivalent to a (central) chi-squared distribution with 
k + 2i degrees of freedom, where i is the value of a Poisson distributed random variable with parameter ( ( 2. Thus, the probability density function is given by: 
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where the (central) chi-squared PDF f(x, k) is given by: 
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where ((.) is the gamma function.  The above representation of F(x, k, ()  can be shown to be equivalent to the representation:

[image: image31.wmf](

)

(

)

/2

/2

0

/2

F(,,)

l

lf

-+

¥

=

=

å

k

x

i

i

ex

xk

x



[image: image32.wmf](

)

(

)

/4

!/2

i

i

x

iki

l

f

=

G+



Function imsls_f_non_central_chi_sq_pdf evaluates the probability density function of a noncentral chi-squared random variable with df degrees of freedom and noncentrality parameter lambda, corresponding to k = df, ( = lambda, and x = x.
Function imsls_f_non_central_chi_sq evaluates the cumulative distribution function incorporating the above probability density function.
With a noncentrality parameter of zero, the noncentral chi-squared distribution is the same as the central chi-squared distribution.

Example

This example calculates the noncentral chi-squared distribution for a distribution with 100 degrees of freedom and noncentrality parameter ( = 40. 
#include <imsls.h>

#include <stdio.h>

int main()

{

   int i;

   float x[] = {0, 8, 40, 136, 280, 400};

   float df = 100;

   float lambda =40.0;

   float pdfv;

   printf ("\n\n df: %4.0f;  lambda: %4.0f\n\n",

     df, lambda);

   printf ("    x       pdf(x)\n");

   for (i=0; i<6; i++) {

      pdfv = imsls_f_non_central_chi_sq_pdf(x[i], df, lambda);

      printf (" %5.0f  %12.4e\n",x[i], pdfv);

   }

}
Output

 df:  100;  lambda:   40

    x       pdf(x)

     0   0.0000e+000

     8   4.7644e-044

    40   3.4621e-014

   136   2.1092e-002

   280   4.0027e-010

   400   1.1250e-022
F_cdf

Evaluates the F distribution function. xe "distribution functions:F_cdf:inverse"
Synopsis

#include <imsls.h>

float imsls_f_F_cdf (float f, float df_numerator, float df_denominator)
The type double function is imsls_d_F_cdf.

Required Arguments

float f   (Input)
Point at which the F distribution function is to be evaluated.
float df_numerator   (Input)
The numerator degrees of freedom. Argument df_numerator must be positive.
float df_denominator   (Input)
The denominator degrees of freedom. Argument df_denominator must be positive.
Return Value

The probability that an F random variable takes a value less than or equal to the input point, f.

Description

Function imsls_f_F_cdf evaluates the distribution function of a Snedecor’s F random variable with df_numerator and df_denominator. The function is evaluated by making a transformation to a beta random variable, then evaluating the incomplete beta function. If X is an F variate with ν1 and ν2 degrees of freedom and Y = (ν1X)/(ν2 + ν1X), then Y is a beta variate with parameters p = ν1/2 and q = ν2/2. Function imsls_f_F_cdf also uses a relationship between F random variables that can be expressed as

FF(f, v1, v2) = 1 ( FF(1/f, v2, v1)

where FF is the distribution function for an F random variable.
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Figure 11-5  Plot of FF(f, 1.0, 1.0)

Example

This example finds the probability that an F random variable with one numerator and one denominator degree of freedom is greater than 648.

#include <imsls.h>
int main()
{
    float       p;
    float       F = 648.0;
    float       df_numerator = 1.0;
    float       df_denominator = 1.0;
    p = 1.0 - imsls_f_F_cdf(F,df_numerator, df_denominator);
    printf("%s %s %6.4f.\n", "The probability that an F(1,1) variate",
        "is greater than 648 is", p);
}

Output

The probability that an F(1,1) variate is greater than 648 is 0.0250.

F_inverse_cdf

xe "distribution functions:F_inverse_cdf"Evaluates the inverse of the F distribution function.

Synopsis

#include <imsls.h>

float imsls_f_F_inverse_cdf (float p, float df_numerator, float df_denominator)
The type double function is imsls_d_F_inverse_cdf.

Required Arguments

float p   (Input)
Probability for which the inverse of the F distribution function is to be evaluated. Argument p must be in the open interval (0.0, 1.0).
float df_numerator   (Input)
Numerator degrees of freedom. Argument df_numerator must be positive.
float df_denominator   (Input)
Denominator degrees of freedom. Argument df_denominator must be positive.
Return Value

The value of the inverse of the F distribution function evaluated at p. The probability that an F random variable takes a value less than or equal to imsls_f_F_inverse_cdf is p.

Description

Function imsls_f_F_inverse_cdf evaluates the inverse distribution function of a Snedecor’s F random variable with ν1 = df_numerator numerator degrees of freedom and  ν2 = df_denominator denominator degrees of freedom. The function is evaluated by making a transformation to a beta random variable, then evaluating the inverse of an incomplete beta function. If X is an F variate with ν1 and ν2 degrees of freedom and Y = (ν1X)/(ν2 + ν1X), then Y is a beta variate with parameters p = ν1/2 and q = ν2/2. If p ≤ 0.5, imsls_f_F_ inverse_cdf uses this relationship directly; otherwise, it also uses a relationship between F random variables that can be expressed as follows:

FF(f, v1, v2) = 1 ( FF(1/f, v2, v1)

Example

This example finds the 99-th percentage point for an F random variable with 7 and 1 degrees of freedom.

#include <imsls.h>
int main()
{
    float        df_denominator = 1.0;
    float        df_numerator = 7.0;
    float        f;
    float        p = 0.99;
    f = imsls_f_F_inverse_cdf(p, df_numerator, df_denominator);
    printf("The F(7,1) 0.01 critical value is %6.3f\n", f);
}

Output

The F(7,1) 0.01 critical value is 5928.370
Fatal Errors

IMSLS_F_INVERSE_OVERFLOW
Function imsls_f_F_inverse_cdf overflows. This is because df_numerator or df_denominator and p are too large. The return value is set to machine infinity.

complementary_F_cdf

Evaluates the complement of the F distribution function. xe "distribution functions:F_cdf:inverse"
Synopsis

#include <imsls.h>

float imsls_f_complementary_F_cdf (float f, float df_numerator, float df_denominator)
The type double function is imsls_d_complementary_F_cdf.

Required Arguments

float f   (Input)
Argument for which  Pr(x  > f) is to be evaluated.
float df_numerator   (Input)
The numerator degrees of freedom. Argument df_numerator must be positive.
float df_denominator   (Input)
The denominator degrees of freedom. Argument df_denominator must be positive.
Return Value

The probability that an F random variable takes a value greater than f.

Description

Function imsls_f_complementary_F_cdf evaluates one minus the distribution function of a Snedecor’s F random variable with df_numerator and df_denominator. The function is evaluated by making a transformation to a beta random variable, then evaluating the incomplete beta function. If X is an F variate with ν1 and ν2 degrees of freedom and Y = (ν1X)/(ν2 + ν1X), then Y is a beta variate with parameters p = ν1/2 and q = ν2/2. Function imsls_f_comlementary_F_cdf also uses a relationship between F random variables that can be expressed as

FF(f, v1, v2) = FF(1/f, v2, v1)

where FF is the distribution function for an F random variable.

This function provides higher right tail accuracy for the F distribution.
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Figure 11-6   Plot of FF (f, df_n, df_d)
Example

This example finds the probability that an F random variable with one numerator and one denominator degree of freedom is greater than 648.

#include <imsls.h>
#include <stdio.h>
int main()
{
    float       p;
    float       F = 648.0;
    float       df_numerator = 1.0;
    float       df_denominator = 1.0;
    p = imsls_f_complementary_F_cdf(F,df_numerator, df_denominator);
    printf("The probability that an F(%2.1f,%2.1f) variate is greater",
           df_numerator, df_denominator);
    printf(" than %5.1f is %6.4f.\n", F, p);
}

Output

The probability that an F(1.0,1.0) variate is greater than 648.0 is 0.0250.
non_central_F_pdf

Evaluates the noncentral F probability density function (PDF).
Synopsis

#include <imsls.h>

float imsls_f_non_central_F_pdf (float f, float df_numerator, 
float df_denominator,   float lambda)
The type double function is imsls_d_non_central_F_pdf.
Required Arguments

float f   (Input)
Argument for which the noncentral F probability density function is to be evaluated.  f must be non-negative.

float df_numerator   (Input)
Numerator degrees of freedom of the noncentral F distribution.  df_numerator must be positive.
float df_denominator   (Input)
Denominator degrees of freedom of the noncentral F distribution.  df_denominator must be positive.
float lambda   (Input)
Noncentrality parameter.  lambda must be non-negative.
Return Value

The probability density associated with a noncentral F random variable with value f.

Description

If X is a noncentral chi-square random variable with noncentrality parameter λ and ν1 degrees of freedom, and Y is a chi-square random variable with ν2 degrees of freedom which is statistically independent of X, then
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is a noncentral F-distributed random variable whose PDF is given by
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where
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and (.) is the gamma function, 1 = df_numerator, 2 = df_denominator, 
= lambda, and f = f. 
With a noncentrality parameter of zero, the noncentral F distribution is the same as the F distribution.

The efficiency of the calculation of the above series is enhanced by:

1.  calculating each term k in the series recursively in terms of either the term k-1 preceding it or the term k+1 following it, and
2.  initializing the sum with the largest series term and adding the subsequent terms in order of decreasing magnitude.

Special cases:
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Example

This example traces out a portion of a noncentral F distribution with parameters 
df_numerator = 100, df_denominator = 10, and lambda = 10.
#include <imsls.h>

#include <stdio.h>

int main()

{

   int i;

   float f[] = {0., .4, .8, 3.2, 5.6, 8.8, 14., 18.};

   float df_numerator = 100., df_denominator = 10., lambda =10., pdfv;

   printf ("df_numerator:   %4.0f\n", df_numerator);

   printf ("df_denominator: %4.0f\n", df_denominator);

   printf ("lambda:         %4.0f\n\n", lambda);

   printf ("    f       pdf(f)\n");

   for (i=0; i<8; i++) {

      pdfv = imsls_f_non_central_F_pdf



  (f[i], df_numerator, df_denominator, lambda);


  printf (" %5.1f  %12.4e\n", f[i], pdfv);

   }

}

Output

 df_numerator:    100

 df_denominator:   10

 lambda:           10

    f       pdf(f)

   0.0   0.0000e+000

   0.4   9.7488e-002

   0.8   8.1312e-001

   3.2   3.6948e-002

   5.6   2.8302e-003

   8.8   2.7661e-004

  14.0   2.1963e-005

18.0   5.3483e-006
non_central_F_cdf

Evaluates the noncentral F cumulative distribution function (CDF).

Synopsis

#include <imsls.h>

float imsls_f_non_central_F_cdf (float f, float df_numerator, 
float df_denominator,   float lambda)
The type double function is imsls_d_non_central_F_cdf.
Required Arguments

float f   (Input)
Argument for which the noncentral F cumulative distribution function is to be evaluated.  f must be non-negative.

float df_numerator   (Input)
Numerator degrees of freedom of the noncentral F distribution.  df_numerator must be positive.
float df_denominator   (Input)
Denominator degrees of freedom of the noncentral F distribution.  df_denominator must be positive.
float lambda    (Input)
Noncentrality parameter.  lambda must be non-negative.
Return Value

The probability that a noncentral F random variable takes a value less than or equal to f.

Description

If X is a noncentral chi-square random variable with noncentrality parameter λ and ν1 degrees of freedom, and Y is a chi-square random variable with ν2 degrees of freedom which is statistically independent of X, then
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is a noncentral F-distributed random variable whose CDF is given by:
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where the probability density function PDF(x) is given by:
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and (.) is the gamma function, 1 = df_numerator, 2 = df_denominator, 
 = lambda, and f = f.  
With a noncentrality parameter of zero, the noncentral F distribution is the same as the F distribution.
Example

This example traces out a portion of a noncentral F cumulative distribution function with parameters df_numerator = 100, df_denominator = 10, and lambda = 10.
#include <imsls.h>

#include <stdio.h>

int main()

{

   int i;

   float f[] = {0., .4, .8, 1.2, 1.6, 2.0, 2.8, 4.0};

   float df_numerator = 100., df_denominator = 10., lambda =10., cdfv;

   printf ("df_numerator:   %4.0f\n", df_numerator);

   printf ("df_denominator: %4.0f\n", df_denominator);

   printf ("lambda:         %4.0f\n\n", lambda);

   printf ("    f       cdf(f)\n\n");

   for (i=0; i<8; i++) {

      cdfv = imsls_f_non_central_F_cdf



  (f[i], df_numerator, df_denominator, lambda);

      printf (" %5.1f  %12.4e\n", f[i], cdfv);

   }

}
Output

df_numerator:    100

df_denominator:   10

lambda:           10

    f       cdf(f)

   0.0   0.0000e+000

   0.4   4.8879e-003

   0.8   2.0263e-001

   1.2   5.2114e-001

   1.6   7.3385e-001

   2.0   8.5041e-001

   2.8   9.4713e-001

   4.0   9.8536e-001
non_central_F_inverse_cdf

Evaluates the inverse of the noncentral F cumulative distribution function (CDF).

Synopsis

#include <imsls.h>

float imsls_f_non_central_F_inverse_cdf (float p, float df_numerator, 
float df_denominator,   float lambda)
The type double function is imsls_d_non_central_F_inverse_cdf.

Required Arguments

float p   (Input)
Probability for which the inverse of the noncentral F cumulative distribution function is to be evaluated.  p must be non-negative and less than one.

float df_numerator   (Input)
Numerator degrees of freedom of the noncentral F distribution.  df_numerator must be positive.
float df_denominator   (Input)
Denominator degrees of freedom of the noncentral F distribution.  df_denominator must be positive.
float lambda    (Input)
Noncentrality parameter.  lambda must be non-negative.

Return Value

The inverse of the noncentral F distribution function evaluated at p. The probability that a noncentral F random variable takes a value less than or equal to imsls_f_non_central_F_inverse_cdf is p.

Description

If X is a noncentral chi-square random variable with noncentrality parameter λ and ν1 degrees of freedom, and Y is a chi-square random variable with ν2 degrees of freedom that is statistically independent of X, then
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is a noncentral F-distributed random variable whose CDF is given by
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where the probability density function PDF(x) is given by
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(1 = df_numerator,  2 = df_denominator,  = lambda, p = p,  ((.) is the gamma function, and CDF(f) is the probability that F <  f.

Function imsls_f_non_central_F_inverse_cdf evaluates
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Function imsls_f_non_central_F_inverse_cdf uses bisection and modified regula falsi search algorithms to invert the distribution function CDF(f), which is evaluated using function imsls_f_non_central_F_cdf.  For sufficiently small p, an accurate approximation of 
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 can be used which requires no such inverse search algorithms.

Example
This example traces out a portion of a noncentral F cumulative distribution function with parameters df_numerator = 100, df_denominator = 10, and lambda =10 and for each value of 
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#include <imsls.h>

#include <stdio.h>

int main()

{

   int i;

   float f[] = {0., .4, .8, 1.2, 1.6, 2.0, 2.8, 4.0};

   float df_numerator = 100., df_denominator = 10., lambda =10.,


     cdfv, cdfiv;

   printf ("\n df_numerator:   %4.0f\n", df_numerator);

   printf (" df_denominator: %4.0f\n", df_denominator);

   printf (" lambda:         %4.0f\n\n", lambda);

   printf ("    f     p = cdf(f)   cdfinv(p)\n\n");

   for (i=0; i<8; i++) {

      cdfv = imsls_f_non_central_F_cdf



  (f[i], df_numerator, df_denominator, lambda);

      cdfiv = imsls_f_non_central_F_inverse_cdf



  (cdfv, df_numerator, df_denominator, lambda);

      printf (" %5.1f  %12.4e  %7.3f\n", f[i], cdfv, cdfiv);

   }

}
Output
 df_numerator:    100

 df_denominator:   10

 lambda:           10

    f     p = cdf(f)   cdfinv(p)

   0.0   0.0000e+000    0.000

   0.4   4.8879e-003    0.400

   0.8   2.0263e-001    0.800

   1.2   5.2114e-001    1.200

   1.6   7.3385e-001    1.600

   2.0   8.5041e-001    2.000

   2.8   9.4713e-001    2.800

   4.0   9.8536e-001    4.000
gamma_cdf

xe "gamma distribution function"

xe "distribution functions:gamma"Evaluates the gamma distribution function.

Synopsis

#include <imsls.h>

float imsls_f_gamma_cdf (float x, float a)
The type double function is imsls_d_gamma_cdf.

Required Arguments

float x   (Input)
Argument for which the gamma distribution function is to be evaluated.
float a   (Input)
Shape parameter of the gamma distribution. This parameter must be positive.
Return Value

The probability that a gamma random variable takes a value less than or equal to x.

Description

Function imsls_f_gamma_cdf evaluates the distribution function, F, of a gamma random variable with shape parameter a,
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where Γ(() is the gamma function. (The gamma function is the integral from 0 to ( of the same integrand as above.) The value of the distribution function at the point x is the probability that the random variable takes a value less than or equal to x.

The gamma distribution is often defined as a two-parameter distribution with a scale parameter b (which must be positive) or as a three-parameter distribution in which the third parameter c is a location parameter. In the most general case, the probability density function over (c, () is as follows:
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If T is a random variable with parameters a, b, and c, the probability that T ≤ t0 can be obtained from imsls_f_gamma_cdf by setting x = (t0 − c)/b.

If x is less than a or less than or equal to 1.0, imsls_f_gamma_cdf uses a 
series expansion; otherwise, a continued fraction expansion is used. 
(See Abramowitz and Stegun 1964.)

Example

Let X be a gamma random variable with a shape parameter of four. (In this case, it has an Erlang distribution since the shape parameter is an integer.) This example finds the probability that X is less than 0.5 and the probability that 
X is between 0.5 and 1.0.

#include <imsls.h>
int main()
{
    float       p, x;
    float       a = 4.0;
    x = 0.5;
    p = imsls_f_gamma_cdf(x,a);
    printf("The probability that X is less than 0.5 is %6.4f\n", p);
    x = 1.0;
    p = imsls_f_gamma_cdf(x,a) - p;
    printf("The probability that X is between 0.5 and 1.0 is %6.4f\n",
        p);
}

Output

The probability that X is less than 0.5 is 0.0018
The probability that X is between 0.5 and 1.0 is 0.0172
Informational Errors

IMSLS_ARG_LESS_THAN_ZERO
Since “x” = # is less than zero, the distribution function is zero at “x.”

Fatal Errors

IMSLS_X_AND_A_TOO_LARGE
Since “x” = # and “a” = # are so large, the algorithm would overflow.

gamma_inverse_cdfxe "gamma_inverse_cdf"
Evaluates the inverse of the gamma distribution function.

Synopsis

#include <imsls.h>

float imsls_f_gamma_inverse_cdf (float p, float a)
The type double function is imsls_d_gamma_inverse_cdf.

Required Arguments

float p (Input)
Probability for which the inverse of the gamma distribution function is to be evaluated. p must be in the open interval (0.0, 1.0).

float a (Input)
The shape parameter of the gamma distribution.  This parameter must be positive.

Return Value

The probability that a gamma random variable takes a value less than or equal to the returned value is p.

Description

Function imsls_f_gamma_inverse_cdf evaluates the inverse distribution function of a gamma random variable with shape parameter a, that is, it determines x (=imsls_f_gamma_inverse_cdf (p, a)), such that
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where ((() is the gamma function. The probability that the random variable takes a value less than or equal to x is P. See the documentation for function imsls_f_gamma_cdf for further discussion of the gamma distribution. 

Function imsls_f_gamma_inverse_cdf uses bisection and modified regula falsi to invert the distribution function, which is evaluated using function imsls_f_gamma_cdf.

Example 

In this example, we find the 95-th percentage point for a gamma random variable with shape parameter of 4.

#include <imsls.h>
int main()

{

  float p = .95, a = 4.0, x;

  x = imsls_f_gamma_inverse_cdf(p,a);

  printf("The 0.05 gamma(4) critical value is %6.4f\n", x);

}
Output

The 0.05 gamma(4) critical value is 7.7537

normal_cdf

xe "Gaussian distribution functions"

xe "distribution functions:normal"

xe "distribution functions:Gaussian"Evaluates the standard normal (Gaussian) distribution function.

Synopsis

#include <imsls.h> 

float imsls_f_normal_cdf (float x)
The type double function is imsls_d_normal_cdf.

Required Arguments

float x   (Input)
Point at which the normal distribution function is to be evaluated.
Return Value

The probability that a normal random variable takes a value less than or equal to x.

Description

Function imsls_f_normal_cdf evaluates the distribution function, Φ, of a standard normal (Gaussian) random variable as follows:
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The value of the distribution function at the point x is the probability that the random variable takes a value less than or equal to x.

The standard normal distribution (for which imsls_f_normal_cdf is the distribution function) has mean of 0 and variance of 1. The probability that a normal random variable with mean μ and variance σ2 is less than y is given by imsls_f_normal_cdf evaluated at (y − μ)/σ.
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Figure 11-7  Plot of Φ(x)

Example

Suppose X is a normal random variable with mean 100 and variance 225. This example finds the probability that X is less than 90 and the probability that X is between 105 and 110.

#include <imsls.h> 
int main()
{
    float      p, x1, x2;
    x1  = (90.0-100.0)/15.0;
    p   = imsls_f_normal_cdf(x1);
    printf("The probability that X is less than 90 is %6.4f\n", p);
    x1 = (105.0-100.0)/15.0;
    x2 = (110.0-100.0)/15.0;
    p  = imsls_f_normal_cdf(x2) - imsls_f_normal_cdf(x1);
    printf("The probability that X is between 105 and 110 is %6.4f\n",
        p); 
}

Output

The probability that X is less than 90 is 0.2525
The probability that X is between 105 and 110 is 0.1169
multivariate_normal_cdf



Evaluates the cumulative xe "multivariate normal distribution function"distribution function for the multivariate normal xe "multivariate functions:multivariate normal"distribution.

Synopsis

#include <imsls.h>

float imsls_f_multivariate_normal_cdf (int k, float h[], 
float mean[], float sigma[], …,0)
The type double function is imsls_d_multivariate_normal_cdf.

Required Arguments

int k   (Input)
The number of variates in the multivariate normal distribution. The number of variates must be greater than or equal to 1 and less than or equal to 1100.
float h[]   (Input)
Array of length k containing the upper bounds for calculating the cumulative distribution function, 
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float mean[]   (Input)
Array of length k containing the mean of the multivariate normal distribution, i.e., 
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float sigma[]   (Input)
Array of length k by k containing the positive definite symmetric matrix of correlations or of variances and covariances for the multivariate normal distribution, i.e., 
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Return Value

The value of the cumulative distribution function for a multivariate normal random variable, 
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Synopsis with Optional Arguments

#include <imsls.h> 

float imsls_f_multivariate_normal_cdf (int k, float h[], float mean[], 
float sigma[],
IMSLS_PRINT, 
IMSLS_ERR_ABS, float err_abs,
IMSLS_ERR_REL, float err_rel, 
IMSLS_TOLERANCE, float tolerance,
IMSLS_MAX_EVALS, int max_evals, 
IMSLS_RANDOM_SEED, int random_seed,
IMSLS_ERR_EST, float *err_est,
0)
Optional Arguments 

IMSLS_PRINT, (Input)
Print intermediate computations.  
Default: No printing.

IMSLS_ERR_ABS, float err_abs, (Input)
The absolute accuracy requested for the calculated cumulative probability.  
Default: err_abs = 1.0e-3. 
IMSLS_ERR_REL, float err_rel, (Input)
The relative accuracy desired.  
Default: err_rel = 1.0e-5. 
IMSLS_TOLERANCE, float tolerance, (Input)
The minimum value for the smallest eigenvalue of sigma.  If the smallest eigenvalue is less than tolerance, then the terminal error IMSLS_SIGMA_SINGULAR is issued.  Default: tolerance= (, where ( is the machine precision. 
IMSLS_MAX_EVALS, int max_evals, (Input)
The maximum number of function evaluations allowed.  If this limit is exceeded, the IMSLS_MAX_EVALS_EXCEEDED warning message is issued and the optimization terminates.  
Default: max_evals = 1000*k. 
IMSLS_RANDOM_SEED, int random_seed, (Input)
The value of the random seed used for generating quadrature points.  By using different seeds on different calls to this routine, slightly different answers will be obtained in the digits beyond the estimated error.  If random_seed = 0, then the seed is set to the value of the system clock which will automatically generate slightly different answers for each call.  
Default: random_seed = 7919. 
IMSLS_ERR_EST, float *err_est, (Output)
The estimated error. 
Description

Function imsls_f_multivariate_normal_cdf evaluates the cumulative distribution function F of a multivariate normal distribution with 
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.  The input arrays mean and sigma are used as the values for ( and (, respectively.  The formula for the CDF calculation is given by the multiple integral described in Johnson and Kotz (1972):
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( must be positive definite, i.e. ((( >0.  If k = 2 or k > 2 the functions imsls_f_normal_cdf and imsls_f_bivariate_normal_cdf are used for this calculation.

In the special case of equal correlations, the above integral is transformed into a univariate integral using the transformation developed by Dunnett and Sobel(1955).  This produces very accurate and fast calculations even for a large number of variates.

If k >2 and the correlations are not equal, the Cholesky decomposition transformation described by Genz(1992) is used (with permission from the author).  This transforms the problem into a definite integral involving k-1 variables which is solved numerically using randomized Korobov rules if k ≤100, see Cranley and Patterson (1976) and Keast (1973);  otherwise, the integral is solved using quasi-random Richtmeyer points described in Davis and Rabinowitz (1984). 

Example 1

This example evaluates the cumulative distribution function for a trivariate normal random variable.  There are three calculations.  The first calculation is of F(1.96,1.96, 1.96) for a trivariate normal variable with ( = {0, 0, 0}, and
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In this case, imsls_f_multivariate_normal_cdf calculates F(1.96, 1.96, 1.96) = 0.958179.

The second calculation involves a trivariate variable with the same correlation matrix as the first calculation but with a mean of ( = {0, 1, -1}.  This is the same distribution as the first example shifted by the mean.  The calculation of F(1.96, 2.96, 0.96) verifies that this probability is equal to the same value as reported for the first case.

The last calculation is the same calculation reported in Genz (1992) for a trivariate normal random variable with ( = {0, 0, 0} and 
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In this example the calculation of F(1, 4, 2) = 0.827985.

#include <imsls.h>

#include <stdio.h>

int main()

{

   float bounds1[3] = {1.96, 1.96, 1.96};

   float bounds2[3] = {1.96, 2.96, 0.96};

   float bounds3[3] = {1.0, 4.0, 2.0};

   float mean1[3]   = {0.0, 0.0, 0.0};

   float mean2[3]   = {0.0, 1.0, -1.0};

   float stdev1[9]  = {1.0, 0.9, 0.9, 

      0.9, 1.0, 0.9,

      0.9, 0.9, 1.0};

   float stdev2[9]  = {1.0, 0.6,  1.0/3.0, 

      0.6, 1.0, 11.0/15.0,

      1.0/3.0, 11.0/15.0, 1.0};

   float f;

   char *fmt = {"%5.3W"};

   imsls_f_write_matrix("Mean Vector", 1, 3, mean1,

      IMSLS_NO_ROW_LABELS,

      IMSLS_NO_COL_LABELS,

      IMSLS_WRITE_FORMAT, fmt, 0);

   imsls_f_write_matrix("Correlation Matrix", 3, 3,

      stdev1,
IMSLS_NO_ROW_LABELS,

      IMSLS_NO_COL_LABELS,

      IMSLS_WRITE_FORMAT, fmt, 0);

   f = imsls_f_multivariate_normal_cdf(3, bounds1, mean1, stdev1, 0);

   printf("\nF(X1<%f, X2<%f, X3<%f) = %f\n\n", 

      bounds1[0], bounds1[1], bounds1[2], f);

   imsls_f_write_matrix("Mean Vector\n", 1, 3, mean2, 

      IMSLS_NO_ROW_LABELS,

      IMSLS_NO_COL_LABELS,

      IMSLS_WRITE_FORMAT, fmt, 0);

   imsls_f_write_matrix("Correlation Matrix", 3, 3,

      stdev1,
IMSLS_NO_ROW_LABELS,

      IMSLS_NO_COL_LABELS,

      IMSLS_WRITE_FORMAT, fmt, 0);

   f = imsls_f_multivariate_normal_cdf(3, bounds2, mean2, stdev1,0);

   printf("\nF(X1<%f, X2<%f, X3<%f) = %f\n", 

      bounds2[0], bounds2[1], bounds2[2], f);

   imsls_f_write_matrix("Mean Vector", 1, 3, mean1, 

      IMSLS_NO_ROW_LABELS,

      IMSLS_NO_COL_LABELS,

      IMSLS_WRITE_FORMAT, fmt, 0);

   imsls_f_write_matrix("Correlation Matrix", 3, 3, stdev2,

      IMSLS_NO_ROW_LABELS,

      IMSLS_NO_COL_LABELS,

      IMSLS_WRITE_FORMAT, fmt, 0);

   f = imsls_f_multivariate_normal_cdf(3, bounds3, mean1, stdev2,0);

   printf("\nF(X1<%f, X2<%f, X3<%f) = %f\n", 

      bounds3[0], bounds3[1], bounds3[2], f);

}
Output

    Mean Vector

    0      0      0

Correlation Matrix

  1.0    0.9    0.9

  0.9    1.0    0.9

  0.9    0.9    1.0

F(X1<1.960000, X2<1.960000, X3<1.960000) = 0.958179

   Mean Vector

    0      1     -1

Correlation Matrix

  1.0    0.9    0.9

  0.9    1.0    0.9

  0.9    0.9    1.0

F(X1<1.960000, X2<2.960000, X3<0.960000) = 0.958179

    Mean Vector

    0      0      0

Correlation Matrix

 1.00   0.60   0.33

 0.60   1.00   0.73

 0.33   0.73   1.00

F(X1<1.000000, X2<4.000000, X3<2.000000) = 0.827985

Example 2

This example illustrates the calculation of the cdf for a multivariate normal distribution with a mean of ( = {1, 0, -1, 0, 1, -1}, and a correlation matrix of
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.
The optional argument IMSLS_PRINT is used to illustrate the type of intermediate output available from this function.  This routine sorts the variables by the limits for the cdf calculation specified in x.  This improves the accuracy of the calculations, see Genz (1992).  In this case, F(X1<1, X2< 2.5, X3< 2, X4< 0.5, X5< 0, X6< 0.8) = 0.087237 with an estimated error of 
8.7e-05.

By increasing the correlation of X2 and X3 from 0.1 to 0.7, the correlation matrix becomes singular.  This routine checks for this condition and issues an error when sigma is not symmetric or positive definite.

#include <imsls.h>

#include <stdio.h>

int main()

{

   float bounds[6] = {1.0, 2.5, 2.0, 0.5, 0.0, 0.8};

   float mean[6]   = {1.0, 0.0, -1.0, 0.0, 1.0, -1.0};

   float s1[6*6]   = {1.0, 0.1, 0.2, 0.3, 0.4, 0.0,

      0.1, 1.0, 0.6, 0.1, 0.2, 0.5,

      0.2, 0.6, 1.0, 0.0, 0.1, 0.2,

      0.3, 0.1, 0.0, 1.0, 0.0, 0.5,

      0.4, 0.2, 0.1, 0.0, 1.0, 0.3,

      0.0, 0.5, 0.2, 0.5, 0.3, 1.0};

   /* The following matrix is not positive definite */

   float s2[6*6] = {1.0, 0.1, 0.2, 0.3, 0.4, 0.0,

      0.1, 1.0, 0.6, 0.7, 0.2, 0.5,

      0.2, 0.6, 1.0, 0.0, 0.1, 0.2,

      0.3, 0.7, 0.0, 1.0, 0.0, 0.5,

      0.4, 0.2, 0.1, 0.0, 1.0, 0.3,

      0.0, 0.5, 0.2, 0.5, 0.3, 1.0};

   float f, err;

   int i, k=6;

   f = imsls_f_multivariate_normal_cdf(k, bounds, mean, s1,

      IMSLS_PRINT,

      IMSLS_ERR_EST, &err, 0);

   printf("F(X1<%2.1f, X2<%2.1f, X3<%2.1f, ",

      bounds[0], bounds[1], bounds[2]);

   printf("X4<%2.1f, X5<%2.1f, X6<%2.1f) = %f\n", 

      bounds[3], bounds[4], bounds[5], f);

   printf("Estimated Error = %g\n", err);

   /* example of error message when sigma is not positive definite */

   f = imsls_f_multivariate_normal_cdf(k, bounds, mean, s2,

      IMSLS_ERR_EST, &err, 0);

}
Output

               Original H Limits

   1.0     2.5     2.0     0.5     0.0     0.8

             Original Sigma Matrix

   1.0     0.1     0.2     0.3     0.4     0.0

   0.1     1.0     0.6     0.1     0.2     0.5

   0.2     0.6     1.0     0.0     0.1     0.2

   0.3     0.1     0.0     1.0     0.0     0.5

   0.4     0.2     0.1     0.0     1.0     0.3

   0.0     0.5     0.2     0.5     0.3     1.0

              Sorted Sigma Matrix

   1.0     0.3     0.4     0.0     0.1     0.2

   0.3     1.0     0.0     0.5     0.1     0.0

   0.4     0.0     1.0     0.3     0.2     0.1

   0.0     0.5     0.3     1.0     0.5     0.2

   0.1     0.1     0.2     0.5     1.0     0.6

   0.2     0.0     0.1     0.2     0.6     1.0

Eigenvalues of Sigma

eigenvalue[0] = 2.215651

eigenvalue[1] = 1.256233

eigenvalue[2] = 1.165661

eigenvalue[3] = 0.843083

eigenvalue[4] = 0.324266

eigenvalue[5] = 0.195106

Condition Number of Sigma = 7.327064

 Cholesky Decomposition of Sorted Sigma Matrix

 1.000   0.300   0.400   0.000   0.100   0.200

 0.300   0.954  -0.126   0.524   0.073  -0.063

 0.400  -0.126   0.908   0.403   0.186   0.013

 0.000   0.524   0.403   0.750   0.515   0.303

 0.100   0.073   0.186   0.515   0.827   0.515

 0.200  -0.063   0.013   0.303   0.515   0.774

Prob. = 0.0872375 Error = 3.10012e-005

F(X1<1.0, X2<2.5, X3<2.0, X4<0.5, X5<0.0, X6<0.8) = 0.087237

Estimated Error = 3.10012e-005

eigenvalue[0] = 2.477894

eigenvalue[1] = 1.250438

eigenvalue[2] = 1.039730

eigenvalue[3] = 0.854005

eigenvalue[4] = 0.382186

eigenvalue[5] = -0.004253
*** FATAL    Error IMSLS_SIGMA_SINGULAR from
***          imsls_f_multivariate_normal_cdf.

***          "sigma" is not positive definite. Its smallest eigenvalue is

***          "e[5]"=-4.252925e-003 which is less than

***          "tolerance"=1.192093e-007.
Warning Errors

IMSLS_MAX_EVALS_EXCEEDED
The maximum number of iterations for the CDF calculation has exceeded max_evals.  Required accuracy may not have been achieved.
Fatal Errors

IMSLS_SIGMA_SINGULAR
“sigma” is not positive definite. Its smallest eigenvalue is “e[#]”=#, which is less than “tolerance” = #.

normal_inverse_cdf

xe "distribution functions:inverse"

xe "Gaussian distribution functions:inverse"

xe "normal distribution function"Evaluates the inverse of the standard normal (Gaussian) distribution function.

Synopsis

#include <imsls.h>

float imsls_f_normal_inverse_cdf (float p)
The type double function is imsls_d_normal_inverse_cdf.

Required Arguments

float p   (Input)
Probability for which the inverse of the normal distribution function is to be evaluated. Argument p must be in the open interval (0.0, 1.0).
Return Value

The inverse of the normal distribution function evaluated at p. The probability that a standard normal random variable takes a value less than or equal to imsls_f_normal_inverse_cdf is p.

Description

Function imsls_f_normal_inverse_cdf evaluates the inverse of the distribution function, Φ, of a standard normal (Gaussian) random variable, imsls_f_normal_inverse_cdf(p) = Φ−1(x), where
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The value of the distribution function at the point x is the probability that the random variable takes a value less than or equal to x. The standard normal distribution has a mean of 0 and a variance of 1.
Function imsls_f_normal_inverse_cdf (p) is evaluated by use of minimax rational-function approximations for the inverse of the error function. General descriptions of these approximations are given in Hart et al. (1968) and Strecok (1968). The rational functions used in imsls_f_normal_inverse_cdf are described by Kinnucan and Kuki (1968).

Example

This example computes the point such that the probability is 0.9 that a standard normal random variable is less than or equal to this point.

#include <imsls.h>
int main()
{
    float       x;
    float       p = 0.9;
    x = imsls_f_normal_inverse_cdf(p);
    printf("The 90th percentile of a standard normal is %6.4f.\n", x);
}

Output

The 90th percentile of a standard normal is 1.2816.
t_cdf

xe "Student’s t distribution function"

xe "distribution functions:Student’s t"Evaluates the Student’s t distribution function.

Synopsis

#include <imsls.h>

float imsls_f_t_cdf (float t, float df)
The type double function is imsls_d_t_cdf.

Required Arguments

float t   (Input)
Argument for which the Student’s t distribution function is to be evaluated.
float df   (Input)
Degrees of freedom. Argument df must be greater than or equal to 1.0.
Return Value

The probability that a Student’s t random variable takes a value less than or equal to the input t.

Description

Function imsls_f_t_cdf evaluates the distribution function of a Student’s t random variable with ν = df degrees of freedom. If the square of t is greater than or equal to ν, the relationship of a t to an F random variable (and subsequently, to a beta random variable) is exploited, and percentage points from a beta distribution are used. Otherwise, the method described by Hill (1970) is used. If ν is not an integer, is greater than 19, or is greater than 200, a Cornish- Fisher expansion is used to evaluate the distribution function. If ν is less than 20 and |t| is less than 2.0, a trigonometric series is used (see Abramowitz and Stegun 1964, Equations 26.7.3 and 26.7.4 with some rearrangement). For the remaining cases, a series given by Hill (1970) that converges well for large values of t is used.


[image: image76.wmf]
Figure 11-8   Plot of Ft (t, 6.0)

Example

This example finds the probability that a t random variable with 6 degrees of freedom is greater in absolute value than 2.447. The fact that t is symmetric about 0 is used.

#include <imsls.h>
int main ()
{
    float       p;
    float       t = 2.447;
    float       df = 6.0;
    p  = 2.0*imsls_f_t_cdf(-t,df);
    printf("Pr(|t(6)| > 2.447) = %6.4f\n", p);
}

Output

Pr(|t(6)| > 2.447) = 0.0500

t_inverse_cdf

xe "Student’s t distribution function:inverse"

xe "distribution functions:Student’s t:inverse"Evaluates the inverse of the Student’s t distribution function.

Synopsis

#include <imsls.h> 

float imsls_f_t_inverse_cdf (float p, float df)
The type double function is imsls_d_t_inverse_cdf.

Required Arguments

float p   (Input)
Probability for which the inverse of the Student’s t distribution function is to be evaluated. Argument p must be in the open interval (0.0, 1.0).
float df   (Input)
Degrees of freedom. Argument df must be greater than or equal to 1.0.
Return Value

The inverse of the Student’s t distribution function evaluated at p. The probability that a Student’s t random variable takes a value less than or equal to imsls_f_t_inverse_cdf is p.

Description

Function imsls_f_t_inverse_cdf evaluates the inverse distribution function of a Student’s t random variable with ν = df degrees of freedom. If ν equals 1 or 2, the inverse can be obtained in closed form. If ν is between 1 and 2, the relationship of a t to a beta random variable is exploited and the inverse of the beta distribution is used to evaluate the inverse; otherwise, the algorithm of Hill (1970) is used. For small values of ν greater than 2, Hill’s algorithm inverts an integrated expansion in 1/(1 + t2/ν) of the t density. For larger values, an asymptotic inverse Cornish-Fisher type expansion about normal deviates is used.

Example

This example finds the 0.05 critical value for a two-sided t test with 6 degrees of freedom.

#include <imsls.h>
int main()
{
    float       df = 6.0;
    float       p = 0.975;
    float       t;
    t  = imsls_f_t_inverse_cdf(p,df);
    printf("The two-sided t(6) 0.05 critical value is %6.3f\n", t);
}

Output

The two-sided t(6) 0.05 critical value is  2.447

Informational Errors

IMSLS_OVERFLOW
Function imsls_f_t_inverse_cdf is set to machine infinity since overflow would occur upon modifying the inverse value for the F distribution with the result obtained from the inverse beta distribution.

complementary_t_cdf

Evaluates the complement of the Student’s t distribution.xe "Student’s t distribution function"

xe "distribution functions:Student’s t"
Synopsis

#include <imsls.h>

float imsls_f_complementary_t_cdf (float t, float df)
The type double function is imsls_d_complementary_t_cdf.

Required Arguments

float t   (Input)
Argument for which  Pr(x  > t) is to be evaluated.
float df   (Input)
Degrees of freedom. Argument df must be greater than 1.0.
Return Value

The probability that a Student’s t random variable takes a value greater than t.

Description

Function imsls_f_complementary_t_cdf evaluates one minus the distribution function of a Student’s t random variable with ν = df degrees of freedom. If the square of t is greater than ν, the relationship of a t to an F random variable (and subsequently, to a beta random variable) is exploited, and percentage points from a beta distribution are used. Otherwise, the method described by Hill (1970) is used. If ν is not an integer, is greater than 19, or is greater than 200, a Cornish-Fisher expansion is used to evaluate the distribution function. If ν is less than 20 and |t| is less than 2.0, a trigonometric series is used (see Abramowitz and Stegun 1964, Equations 26.7.3 and 26.7.4 with some rearrangement). For the remaining cases, a series given by Hill (1970) that converges well for large values of t is used.

This function provides higher right tail accuracy for the Student's t distribution.
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Figure 11-9   Plot of Ft (t, df)
Example

This example finds the 2-tail probability that a Student’s t random variable exceeds 2.447.

#include <imsls.h>
#include <stdio.h>
int main ()
{
    float       p;
    float       t = 2.447;
    float       df = 6.0;
    p  = 2.0*imsls_f_complementary_t_cdf(t,df);
    printf("Pr(|t(%1.0f)| > %4.3f) = %6.4f\n", df, t, p);
}

Output

Pr(|t(6)| > 2.447) = 0.0500
non_central_t_cdf

xe "noncentral Student’s t distribution function"

xe "distribution functions:Student’s t, noncentral"Evaluates the noncentral Student’s t distribution function.

Synopsis

#include <imsls.h>

float imsls_f_non_central_t_cdf  (float t, int df , float delta)
The type double function is imsls_d_non_central_t_cdf.
Required Arguments

float t   (Input)


Argument for which the noncentral Student’s t distribution function is to be evaluated.

int df   (Input)


Number of degrees of freedom of the noncentral Student’s t distribution. Argument df must be greater than or equal to 0.0.
float delta (Input)  
The noncentrality parameter.
Return Value

The probability that a noncentral Student’s t random variable takes a value less than or equal to t.

Description

Function imsls_f_non_central_t_cdf evaluates the distribution function 
F of a noncentral t random variable with df degrees of freedom and noncentrality parameter delta; that is, with v = df, ( = delta , and t0 = t,
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where ((() is the gamma function. The value of the distribution function at the point t0 is the probability that the random variable takes a value less than or equal to t0.

The noncentral t random variable can be defined by the distribution function above, or alternatively and equivalently, as the ratio of a normal random variable and an independent chi-squared random variable. If w has a normal distribution with mean ( and variance equal to one, u has an independent chi-squared distribution with v degrees of freedom, and
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then x has a noncentral t distribution with degrees of freedom and noncentrality parameter (.

The distribution function of the noncentral t can also be expressed as a double integral involving a normal density function (see, for example, Owen 1962, page 108). The function TNDF uses the method of Owen (1962, 1965), which uses repeated integration by parts on that alternate expression for the distribution function.


[image: image80.wmf]
Figure 11- 10  Noncentral Student’s t Distribution Function

Example

Suppose t is a noncentral t random variable with 6 degrees of freedom and noncentrality parameter 6. In this example, we find the probability that t is less than 12.0. (This can be checked using the table on page 111 of Owen 1962, with ( = 0.866, which yields ( = 1.664.)

#include <imsls.h>

#include <stdio.h>

int main()

{

        float t = 12.0;

        int df = 6;

        float delta = 6.0;

        float p;

        p = imsls_f_non_central_t_cdf(t, df, delta);

        printf("The probability that t is less than 12 is %6.4f.\n", p);

}

Output

The probability that T is less than 12.0 is 0.9501

non_central_t_inv_cdf

xe "noncentral Student’s t distribution function"

xe "distribution functions:Student’s t, noncentral:inverse"Evaluates the inverse of the noncentral Student’s t distribution function.

Synopsis

#include <imsls.h>

float imsls_f_non_central_t_inv_cdf (float p, int df , float delta)
The type double function is imsls_d_non_central_t_inv_cdf.

Required Arguments

float p   (Input)
A Probability for which the inverse of the noncentral Student’s t distribution function is to be evaluated.  p must be in the open interval (0.0, 1.0).

int df   (Input)
Number of degrees of freedom of the noncentral Student’s t  distribution. Argument df must be greater than or equal to 0.0

float delta (Input)
The noncentrality parameter.
Return Value

The probability that a noncentral Student’s t random variable takes a value less than or equal to t is p.

Description

Function imsls_f_non_central_t_inv_cdf evaluates the inverse distribution function of a noncentral t random variable with df degrees of freedom and noncentrality parameter delta; that is, with P = p, v = df, and 
( = delta, it determines t0 (= imsls_f_non_central_t_inv_cdf 
(p, df, delta )), such that
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where ((() is the gamma function. The probability that the random variable takes a value less than or equal to t0 is P. See imsls_f_non_central_t_cdf for an alternative definition in terms of normal and chi-squared random variables. The function imsls_f_non_central_t_inv_cdf uses bisection and modified regula falsi to invert the distribution function, which is evaluated using routine imsls_f_non_central_t_cdf.
Example

In this example, we find the 95-th percentage point for a noncentral t random variable with 6 degrees of freedom and noncentrality parameter 6.

#include <imsls.h>

#include <stdio.h>

int main()

{

        float p = .95;

        int df = 6;

        float delta = 6.0;

        float t;

        t = imsls_f_non_central_t_inv_cdf(p, df, delta);

        printf("The 0.05 noncentral t critical value is %6.4f.\n", t);

}

Output

The 0.05 noncentral t critical value is 11.995.
non_central_t_pdf

Evaluates the noncentral Student's t probability density function.

Synopsis
#include <imsls.h>
float imsls_f_non_central_t_pdf (float  t, float  df,  float delta)
The type double function is imsls_d_non_central_t_pdf.
Required Arguments

float  t (Input)
Argument for which the noncentral Student’s t probability density function is to be evaluated. 
float  df  (Input)
Number of degrees of freedom of the noncentral  Student’s t distribution.  
df must be greater than 0.
float  delta  (Input)
Noncentrality parameter.
Return Value
The probability density associated with a noncentral Student’s t random variable with value t.   
Description

If w is a normally distributed random variable with unit variance and mean δ and u is a chi-square random variable with ( degrees of freedom that is statistically independent of w, then  
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is a noncentral t-distributed random variable with ( degrees of freedom and noncentrality parameter δ, that is,with v = df, and ( = delta .  The probability density function for the noncentral t-distribution is: 
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where 
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and t = t.

For δ = 0, the PDF reduces to the (central) Student’s t PDF:


[image: image85.wmf](

)

(

)

(

)

(

)

(

)

(

)

1/2

2

1/21/

(,,0)

/2

v

vtv

ftv

vv

p

-+

G++

=

G


and, for t = 0, the PDF becomes:
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Example

This example calculates the noncentral  Student’s t PDF for a distribution with 2 degrees of freedom and noncentrality parameter δ = 10. 
#include <imsls.h>

#include <stdio.h>

int main()

{

   int i;

   float t[] = {-.5, 1.5, 3.5, 7.5, 51.5, 99.5};

   float df = 2.;

   float delta =10.;

   float pdfv;

   printf ("\n\n df: %4.0f;  delta: %4.0f\n\n",

     df, delta);

   printf ("    t       pdf(t)\n");

   for (i=0; i<6; i++) {

      pdfv = imsls_f_non_central_t_pdf(t[i], df, delta);

      printf (" %5.1f  %12.4e\n",t[i], pdfv);

   }

}
Output
 df:    2;  delta:   10

    t       pdf(t)

  -0.5   1.6399e-024

   1.5   7.4417e-010

   3.5   2.8972e-003

   7.5   7.8853e-002

  51.5   1.4215e-003

  99.5   2.0290e-004
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